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Abstract. This paper presents a study of strain accumulation in granular soils under
vibration by using the discrete element method. A loose and a medium dense sample
composed of a relatively large number of spheres are simulated. A series of stress controlled
cyclic triaxial tests with different excitation amplitudes and frequencies is performed on
these samples at different static stress states. The study focuses on the influence of
different factors on strain accumulation such as the sample density, the cyclic excitation
amplitude and frequency and the static stress state. In addition, the evolution of the
internal structure of the granular samples is also investigated.
1 INTRODUCTION
Road and railway traffic induced vibrations cause the stress state in soils to vary
cyclically with low amplitude compared to the stress state and relatively high frequency.
The excitation frequency can be typically around 10 - 15 Hz for road traffic induced
vibrations [1] and around 40 - 80 Hz for railway traffic induced vibrations [2]. Under
the action of vibrations, granular soils under the foundation of buildings accumulate
strain, which might cause differential settlement, hence damage to buildings. A profound
understanding of strain accumulation in granular soils is very important to advance the
ability to predict this phenomenon.
Strain accumulation in granular soils has been studied in the laboratory by using cyclic
tests performed at low frequency [3, 4]. At high frequency (typically higher than 10 Hz),
the accuracy of cyclic tests is significantly reduced [5]. The numerical simulation with
the discrete element method (DEM) pioneered by Cundall and Strack [6] can complement
laboratory experiments. The DEM is suitable to simulate cyclic tests at high frequency.
Moreover, this method allows an investigation of the microscopic behavior of granular
samples during cyclic excitation as it is possible to access to information at the particle
level.
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This paper presents a study of strain accumulation in granular soils induced by vibra-
tions by using the DEM. Numerical simulations are performed with the software PFC3D
[7]. 3D granular samples composed of a relatively large number of spheres (about 10000)
are considered. This study aims at analyzing the influence of different factors such as the
sample density, the amplitude and frequency of the cyclic excitation and the static stress
state on strain accumulation in granular soils. In addition, the local behavior of granular
samples during low amplitude cyclic excitation is investigated.
This paper is organized as follows. Section 2 presents two numerical samples considered
in the current study. The behavior of these samples during triaxial compression tests is
briefly discussed in section 3. Strain accumulation in these samples during low amplitude
cyclic triaxial tests is presented in section 4.
2 NUMERICAL SAMPLES
Two samples A and B with different densities are created, each of which is composed
of 10342 spheres with mass density ρ = 2650 kg/m3. The linear contact model [7] with
normal stiffness kn = 5 × 106 N/m, tangential stiffness ks = kn and friction coefficient
µ = 0.6 is adopted in the current study. No viscous damping is added at the contact
points; therefore, only friction dissipates energy in the samples.
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Figure 1: Sample contained by a parallelepiped composed of 6 rigid walls.
The particles of each sample are randomly generated in a parallelepiped composed of
6 rigid walls (figure 1). The samples are then compacted by compression in the three
directions until reaching a given target stress state. To obtain different densities, the
friction coefficient µ for samples A and B is set to 0.6 and 0.3 during the compaction
phase, respectively. When about 90% of the target stress state is reached, µ is reset to its
original value. After compaction, the porosity n is 0.43 for sample A and 0.41 for sample
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B at a confinement stress σ11 = σ22 = σ33 = σo = 50 kPa and both samples are isotropic.
The stress tensor σ and strain tensor ε of each sample are defined from the contact
forces applied by the walls on the sample and the displacement of the walls [8]. The sign
convention used in this paper is that tensile stresses and strains are positive. For triaxial
loading, the mean stress p and the deviatoric stress q are defined as p = (σ11 + 2σ33)/3
and q =| σ11 − σ33 |. The volumetric strain εv and the deviatoric strain εd are defined as
εv = ε11 + 2ε33 and εd = 2 | ε11 − ε33 | /3.
3 TRIAXIAL COMPRESSION TESTS
Quasi-static triaxial compression tests are performed on samples A and B by approach-
ing slowly the top and bottom walls and keeping the lateral stresses σ22 and σ33 equal to
the confinement stress σo. Figure 2 shows the stress ratio η = q/ | p | and the volumetric
strain εv versus the axial strain ε11 for two tests performed on samples A and B at σo =
50 kPa. The figure shows that sample A presents the behavior of a loose granular sample,
while sample B presents the behavior of a medium dense one. These samples first contract
and then dilate. The state at which this transition occurs is called the characteristic state.
For sample A the characteristic state occurs at large deformation (ε11 ≈ -0.074), while for
sample B this state occurs at small deformation (ε11 ≈ -0.009). Lines LA and LB drawn
in figure 2 depict the characteristic state for samples A and B, respectively.
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Figure 2: Stress ratio η = q/ | p | and volumetric strain εv versus axial strain ε11 for two triaxial
compression tests applied on samples A (dashed line) and B (solid line) at a confinement stress σo = 50
kPa.
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Points A1, A2 and A3 drawn on the curve for sample A and points B1, B2 and B3
drawn on the curve for sample B represent the stress states at which cyclic excitations are
applied (these loadings are presented in section 4). The arrows indicate the volumetric
behavior of each sample at the corresponding stress states. The volumetric behavior
of a sample at a given stress state is quantified by the strain increment ratio ∆εv/∆εd
computed with a strain increment tensor ∆ε starting from this stress state. Table 1 shows
the stress ratio η and the strain increment ratio ∆εv/∆εd at these points. Sample A tends
to contract less from point A1 to point A3; the same tendency is observed for sample B
from point B1 to point B3. In particular, at point B3, sample B slightly dilates.
Sample Point η ∆εv/∆εd
A1 0.2 -0.70
A A2 0.4 -0.26
A3 0.6 -0.16
B1 0.2 -0.40
B B2 0.4 -0.06
B3 0.6 0.01
Table 1: Stress ratio η and strain increment ratio ∆εv/∆εd at points A1, A2, A3, B1, B2 and B3 in
figure 2.
4 LOW AMPLITUDE CYCLIC TRIAXIAL TESTS
To perform a cyclic triaxial test on a sample, the sample is first consolidated by triaxial
compression until the stress state reaches the target average stress state (σ11 = σ11 and
σ22 = σ33 = σo with σ11 the target average axial stress). The axial stress σ11 is then cycled
between the lower and upper values σ11 ± σ
cyc
11 with σ
cyc
11 the cyclic stress amplitude and
the lateral stresses σ22 and σ33 are kept equal to the confinement stress σo. The cyclic
stress σ11 is applied by moving cyclically the top and bottom walls inward and outward
until σ11 reaches the upper and lower values, respectively. By doing so, the amplitude σ
cyc
11
can be controlled exactly; however, the frequency f can only be approximately controled
within a given range by trial and error.
A cyclic triaxial test has four parameters: the average stress ratio η = q/ | p |, the
confinement stress σo, the cyclic stress amplitude σ
cyc
11 and the excitation frequency f . A
low amplitude cyclic excitation corresponds to a small value of the ratio ζcyc = σcyc11 / | p |.
Table 2 recapitulates the cyclic triaxial tests performed on samples A and B at different
static stress states and with different excitation frequencies and amplitudes.
Figure 3 illustrates the time history of the cyclic stress σ11 applied on sample B in test
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Sample Test η σo (kPa) σ
cyc
11 (kPa) f (Hz)
TA1 0.2 6 62
TA2 3 25
TA3 24
A TA4 0.4 50 67
TA5 6 93
TA6 30
TA7 0.6 67
TB1 0.2 63
TB2 25
B TB3 0.4 50 6 68
TB4 100
TB5 0.6 66
Table 2: Cyclic triaxial tests performed in the current study.
TB2. Under this cyclic excitation, sample B accumulates strain as shown clearly in figure
4. For clarity, this plot is split into three subplots with equal intervals of the axial strain
ε11. The strain accumulation is large for the first two cycles and slows down as the cyclic
loading continues.
σ
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Figure 3: Time history of the cyclic stress σ11 applied in test TB2.
In the following, the influence of the sample density, the cyclic excitation amplitude
and frequency and the average stress ratio on strain accumulation is analyzed.
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Figure 4: Axial stress σ11 versus axial strain ε11 in test TB2.
4.1 Influence of the sample density
The influence of the sample density on the intensity and the direction of strain ac-
cumulation is analyzed by considering test TA3 performed on sample A and test TB2
performed on sample B. The frequencies of these tests are about 24 Hz. Figure 5 shows
the accumulated volumetric strain εaccv and deviatoric strain ε
acc
d for samples A and B
versus cycle number N . Strain accumulates much more strongly in sample A than in
sample B. Both samples accumulate more deviatoric than volumetric strain. In particu-
lar, sample A accumulates much more volumetric strain than sample B. This means that
loose granular soils are more likely to be compacted during low amplitude cyclic loading
than dense soils.
As observed experimentally by many authors [3, 9, 10], the volumetric behavior of
a granular sample during cyclic excitation depends on its volumetric behavior at the
average stress state. If the sample tends to contract at the average stress state then it
contracts during the cyclic excitation. The opposite is observed if the sample tends to
dilate at the average stress state. In particular, if the cyclic excitation is applied at the
characteristic state then the strain accumulates in the sample with no volume change.
These experimental observations can be confirmed by numerical simulation. Indeed, at
point A2 in figure 2, sample A contracts strongly; as a result it contracts strongly during
test TA3. On the other hand, at point B2 which is near to line LB, sample B contracts
weakly during test TB2.
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Figure 5: Accumulated (a) volumetric strain εaccv and (b) deviatoric strain ε
acc
d versus cycle number N
for samples A (solid line) and B (dashed line).
4.2 Effect of the cyclic stress amplitude σcyc11
Tests TA2, TA3 and TA6 are performed on sample A at point A2 with different cyclic
stress amplitudes σcyc11 = 3, 6 and 12 kPa. Figure 6 shows that σ
cyc
11 influences greatly the
strain accumulation in sample A. Both accumulated volumetric and deviatoric strains εaccv
and εaccd increase as σ
cyc
11 increases. In addition, at a higher value of σ
cyc
11 strain accumulates
more rapidly, particularly for about the first 100 cycles. The increase in εaccv and ε
acc
d with
σcyc11 can be explained by the fact that a higher excitation amplitude causes more sliding
motion between particles to dissipate energy.
(a) N
εa
cc v
(b) N
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cc d
Figure 6: Accumulated (a) volumetric strain εaccv and (b) deviatoric strain ε
acc
d of sample A versus cycle
number N for a cyclic stress amplitude σcyc11 = 3 kPa (thin solid line), 6 kPa (dashed line) and 12 kPa
(bold solid line).
The density of a granular sample at the microscopic scale is described by the coordi-
nation number N defined as the average number of contacts per particle
N = 2
Nc
Np
, (1)
with Nc the number of contacts and Np the number of particles. Kuhn [11] introduced the
effective coordination number N eff by removing all the floating particles (particles that
7
N.-S. Nguyen, S. Franc¸ois and G. Degrande
have no more than 3 contacts with their neighbors) from the sample when calculating the
coordination number N . Figure 7 shows the evolution of the effective coordination number
N eff of sample A during cyclic loading for different values of the cyclic stress amplitute
σcyc11 . A marked increase of N eff is observed for σ
cyc
11 = 12 kPa, while N eff remains almost
constant for σcyc11 = 3 kPa. The dependence of N eff on σ
cyc
11 results from the fact that the
sample densifies more strongly at a higher value of σcyc11 (figure 6).
N
N
eff
Figure 7: Effective coordination number N eff of sample A versus cycle number N for a cyclic stress
amplitude σcyc11 = 3 kPa (thin solid line), 6 kPa (dashed line) and 12 kPa (bold solid line).
4.3 Influence of the cyclic excitation frequency f
Tests TA3, TA4 and TA5 are performed on sample A at different excitation frequencies
f = 24, 67 and 93 Hz and tests TB2, TB3 and TB4 are performed on sample B at f =
25, 68 and 100 Hz. The magnitude εacc of the accumulated strain is defined as Frobenius
norm of the accumulated strain tensor εacc. For triaxial loading, εacc is diagonal; therefore,
εacc = ‖εacc‖F =
√
(εacc11 )
2 + (εacc22 )
2 + (εacc33 )
2.
(a)
εa
cc
N (b) N
εa
cc
Figure 8: Accumulated strain εacc versus cycle number N (a) for sample A at a cyclic excitation
frequency 24 Hz (bold solid line), 67 Hz (dashed line) and 93 Hz (thin solid line) and (b) for sample B
at 25 Hz (bold solid line), 68 Hz (dashed line) and 100 Hz (thin solid line).
The magnitude εacc of the accumulated strain is plotted versus the cycle number N for
samples A and B in figure 8. The cyclic excitation frequency f has little effect on strain
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accumulation in these samples. For sample A, εacc is about 0.015 at 24 Hz after 1000
cycles, compared to a value of 0.016 at 93 Hz. This result might be explained by the fact
that, for the considered values of the excitation frequency, samples A and B are still in
the quasi-static regime.
4.4 Effect of the average stress ratio η
Tests TA1, TA4 and TA7 on sample A at points A1, A2 and A3 and tests TB1, TB3
and TB5 on sample B at points B1, B2 and B3 are considered to analyze the effect of the
average stress ratio η on strain accumulation. Note that η = 0.2 at points A1 and B1, η
= 0.4 at points A2 and B2 and η = 0.6 at points A3 and B3 (figure 2). These tests are
performed at a high frequency of approximately 65 Hz. The number of cycles is about
8000 for the tests performed on sample A and 2000 for the tests performed on sample B.
(a) N
εa
cc v
(b) N
εa
cc d
Figure 9: Accumulated (a) volumetric strain εaccv and (b) deviatoric strain ε
acc
d versus cycle number N
for sample A at an average stress ratio η = 0.2 (thin solid line), 0.4 (dashed line) and 0.6 (bold solid
line).
The accumulated strain in sample A depends strongly on the average stress ratio η,
particularly for the accumulated deviatoric strain εaccd , as indicated in figure 9. Strain
accumulates much more strongly in sample A for η = 0.6 than for η = 0.2 and 0.4, in
particular for the first 10 cycles. After 6000 cycles, εaccd reaches a large value of 0.06 for
η = 0.6, compared to a value of 0.015 for η = 0.4 and 0.01 for η = 0.2. In addition, for η
= 0.6 strain still accumulates substantially in sample A after 7000 cycles, while for η =
0.2 and 0.4, strain accumulation almost ceases after 1000 cycles. A similar effect of the
average stress ratio η on strain accumulation is observed on sample B (figure 10). The
accumulated volumetric strain εaccv is negligible compared to the deviatoric strain ε
acc
d .
The accumulated strain is almost zero during the cyclic excitation applied at η = 0.2 as
the behavior of sample B is highly elastic at this average stress state (figure 2).
The fabric of a granular sample is described by the following tensor:
Hij =
1
Nc
Nc∑
k=1
nki n
k
j , (2)
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Figure 10: Accumulated (a) volumetric strain εaccv and (b) deviatoric strain ε
acc
d versus cycle number
N for sample B at an average stress ratio η = 0.2 (thin solid line), 0.4 (dashed line) and 0.6 (bold solid
line).
where nki is the i-th component of the unitary normal vector at contact k [12]. For triaxial
loading, H11, H22 and H33 are the three principal values and H22 ≈ H33. In this case, the
anisotropy of a sample can be measured by Hd = H11 − H33. The effect of the average
stress ratio η on the evolution of the anisotropy of sample A is shown in figure 11. The
average stress ratio η affects greatly the anisotropy induced by the consolidation phase,
but not the anisotropy induced by low amplitude cyclic excitation. The anisotropy of the
sample remains almost constant during the applied cylic excitations whatever the value
of η is.
H
d
N
Figure 11: Anisotropy measure Hd versus cycle number N for sample A at an average stress ratio η =
0.2 (thin solid line), 0.4 (dashed line) and 0.6 (bold solid line).
5 CONCLUSIONS
A series of simulations with the DEM was carried out to study strain accumulation in
granular materials subjected to low amplitude cyclic loading. A loose and a medium dense
sample composed of about 10000 spheres were considered in these simulations. The study
has shown that the loose sample accumulates much more strain than the dense one during
cyclic excitation. The strain accumulation increases with the cyclic stress amplitude and
the average stress ratio; however, it is not affected by the cyclic excitation frequency
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up to 100 Hz. At the microscopic scale, the internal structure of the samples evolves
slightly during cyclic loading. An increase in the coordination number observed for the
loose sample is due to its densification during cyclic excitation. However, the anisotropy
of these samples induced by low amplitude cyclic excitation is negligible compared to
the anisotropy induced by the consolidation phase. The DEM is able to reproduce, at
least in a qualitative sense, the strain accumulation phenomenon observed in laboratory
experiments. To advance the use of the DEM to study this topic, more realistic particle
shapes should be accounted for in simulations.
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